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Abstract. The aim of this note is to study the convergence in capacity for functions 
in the class £{X,0). We obtain several stability theorems. Some of these are (optimal) 
■, generalizations of results of Xing [Xi2] , while others are new. 

o : 

^ : INTRODUCTION 
u ■ 

I The notion of relative capacity C„ was introduced by Bedford and Taylor (cf. [BT2]). 

f — . ■ The convergence with respect to C„ in the setting of domains in C" was investigated 

^ . by Xing and Cegrell (see [Xil], [Ce3]). This topic has attracted much interest, since 

I— i! the complex Monge- Ampere operator is continuous with respect to such a convergence 

^ I (while continuity fails for, say, convergence in L^, 1 < p < oo, see [CKl]). Recently 

■ Kolodziej (see [Kol]) introduced the capacity Cx,ijj on a compact Kahler manifold {X, u), 

^ . which is modelled on C„. In particular he proved that Cx,ui is locally equivalent to C„. 

i This capacity was also studied by Guedj and Zeriahi in [GZl]. In [GZ2] they introduced 

^ I the new Cegrell class S{X,u)) of cj-psh functions for which the complex Monge- Ampere 
operator is well-defined. Roughly speaking, it is the largest class of cj-psh functions where 

^ . the Monge-Ampere operator behaves like it does in the bounded functions setting. 

^ i The aim of the present note is to study the convergence in capacity Cx,u) in the class 

^ I £{X,Lo) (Section 2). Thus this note might be seen as a Kahler manifold counterpart of 

y—^ • [CK2]. Some of our results are known for subclasses of S{X, uj), (especially for bounded or 

, £^ functions - see [Ko2] and [Xi2]), or under additional technical assumptions (cf. [Xi2]). 

^ I By applying some new results borrowed from [Di2] and [Di3] we are able to obtain the 

' sharp results and relax those conditions. 

O ■ Some of our results, however, (as well as the techniques used) are completely new, thus 

>■ ! these might be of independent interest. 

'O I Acknowledgments. The first named author was partially supported by Polish min- 

1i ■ isterial grant N N 201 271135. 

1. PRELIMINARIES First we recall some elements of pluripotential theory that 

will be used throughout the paper. All this can be found in [Bl], [BTl-2], [Cel-3], [CGZ], 
[Dil-3], [GZl-2], [Hl-2], [Ho], [KH], [Kol] and [Xil-2]. 

1.1. Let A be a compact Kahler manifold with a fundamental form u = ux with 
Jw" = 1. An upper semicontinuous function if : X —>■ [— cxd, -|-cxd) is called cj-plurisub- 

X 

harmonic (cj-psh for short) if ^9 G L^{X) and uj^ := u + dd'^Lp > 0, where the inequality 
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is understood in the sense on currents. By PSH(X,uj) (resp. PSH''{X,u;)) we denote 
the set of cj-psh (resp. negative cu-psh) functions on X. 

1.2. In [Kol] Kolodziej introduced the capacity Cx,0 on X by 

Cx(E) = CxAE) = sup{ j0:^: PSH(X,0), -1 < <^ < 0} 

E 

for any Borel set £" C X, where 0^ = (0 + ddP^pY ^^<i ^ — dimX. 
We refer to [Kol], [GZl] for more informations about this capacity. 

1.3. The following class of 0-psh fuctions was introduced by Guedj and Zeriahi in 
[GZ2]: 

S{X, 0) = We PSH{X, 0) : ^hm | 0S>a.(^,_,) = ^ 0^^ = l}- 

Intuitively it consists of those functions which have mild singularities (or do not have — oo 
poles at all), so that no Monge- Ampere mass concentrates near those poles. In particular 
any such function must have zero Lelong numbers everywhere. 
Let us also define 

s-{x, 0) = s{x, 0) n PSH-{x, 0). 

We refer to [GZ2] for all the properties of functions from S{X,0). 

1.4. Let Uj,u G PSH(X, 0). We say that {uj} converges to u in Cx if 

Cx{{\uj-u\>6})^0 

as j — >• 00, for every (fixed) 5 > 0. 

1.5. A family of positive measures {Ha} on X is said to be uniformly absolutely 
continuous with respect to Cx-capacity if for every e > there exists S > such that for 

each Borcl subset E <Z X satisfying Cx{E) < S the inequality lia{E) < e holds for all 
a. We denote this by fia ^ Cx uniformly for a. In particular all such measures must 
vanish on pluripolar sets. 

Next we state some well-known results needed for our work. We shall sketch some of 
the proofs for the sake of completeness: 

1.6. Proposition. Let u e S{X,0), v E PSH{X,0). Then 

J 0tMu,v)^T^ J 0>r, 

{u<v} {u<v} 

for alll < k <n and T = 0^^ A ... A 0^„_^: with ipi, ipn-k £ S(X,0). 
Proof. By Corollary 1.7 in [GZ2] we get 

{u<v} X {u>v} 

0u^T~ j 0^AT= j 0tAT. 

X {u>v} 

1.7. Proposition. Let u G PSH-{X,0). Then for t > 



Cx{{u < ~t}) < 



sup m| + c 

X 



t 

where the positive constant c does not depend on u. 



Proof. 



Cx{{u < -t}) = sup{ j 0;: PSH{X,0), -l<^<0} 

{u<-t} 

< sup{ J ^-^0;: PSH{X,0), -1 < < 0} 

{u<-t} 

< ^sup{ J |m|0^ : ip e PSH{X,0), -l<ip<0} 

X 

< j[J \u\0'' + n] < 



supu\ + c 

X 



where we have used Proposition 1.7 and Corollary 2.3 from [GZl] in the last two inequal- 
ities. 

1.8. Proposition. Let Uj, u E PSH{X,0). Then the following two statements are 
equivalent: 

i) Uj — u ^ in Cx; 

a) sup I supwjl < +00 and max(Mj, —t) — max('u, —t) in Cx for every t > 0. 

j>l X 

Proof i) ^ ii) By a result from [Ho] we have that J Uj0^ — > J u0^ > —00, j — > 00. 

X X 

Thus we obtain 

inf sup Ml > inf / Un0'^ > —00. 
j>l X j>^J 
X 

Since \uj — it| > | max(itj, —t) — max(it, —t)\ we get 

Cx{{\ mecK{uj, -t) - max(w, -t)\ > 5}) < Cxi{\uj - u\ > 5}) 0, 

for al\5>0,t> 0. 

ii) i) We can assume that Wj, w < 0. Set 

M = sup I sup I + I sup u\ 

j>l X X 

By Proposition 1.7 wc have 

Cxi{\uj - -ul > 36}) < Cxi{\uj - max{uj, -t)\ > 5}) + Cx{{\ max(ti, -t) - u\ > S}) 
+ Cx{{\ max{uj, -t) - max{u, -t)\ > 6}) < < -t}) + Cxi{u < -t}) 



+ max(Mj, —t) — max(w, —t)\ > S}) < 



sup u j \ + I sup ?/ | + 2c 

X X 



t 

+ Cx{{\ ra.ax{uj, —t) — max(M, —t)\ > 5}) < — '^^-^ 
+ Cx({| max(uj, —t) — max('u, —t)\ > S}) 
for any t > to > 0, S > 0. Hence 

lE^ Cx{{\uj -u\> 36}) < 

j-*oo t 

Finally by letting t — > +00 we get 

lim Cxi{\uj-u\ > 36}) = 

j— >oo 
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for every 5 > 0. 

1.9. Proposition. Let Uj e £~{X,0). Then the following two statements are equiva- 
lent: 

i) inf sup Uj > —oo and 0'^. <ti Cx uniformly for j > 1; 
a) lim lim J 0^—0. 

Proof i) ^ ii) This is a direct application of Proposition 1.7. 

ii) =^ i) We claim that inf supuj > — oo. Suppose on contrary that inf sup Uj — — oo. 

j>i X i>i X 

Hence 



lim / 0^^. = lim / 0^. 

j^oo J ^ j^ooj ^ 

{uj<-t} X 



but this contradicts 



lim lim / 0". = 0. 



{Uj<-t} 

Let us fix e > 0. We choose to and then jo — jo(^o) > 1 such that 

/ < < ^' 

{«j<-to} 

for all j > jo- For each Borel set E G X we have 



En{uj<-to} Er\{uj>~to} { 

I 0l+t-Cx{E)<e + t-Cx{E) 



"max(uj,— to) 

E En{uj<-to} Er\{uj>~to} {uj<-to} En{uj>-to} 



< 

{uj<-to} 

30 

for all j > jo- On the other hand, since ^ 0"^ <S Cx we can choose 5i > such that 

k=l 

jo 

J2 Ku^E) < e for all Borel sets E d X with Cx{,E) < 6i. Hence 0l.{E) < 2e for all 

k=l 

j >1 and all Borel sets E C X, such that Cx{E) < 5 — min(5i, ^). 
The next proposition is a modified version of Lemma 2 in [Xi2]: 

1.10. Proposition. Let Uj,Vj e S~{X,0) be such that Uj > Vj for j > 1. Assume 
that 0^. <^ Cx uniformly for j > 1. Let also inf supvj > — oo. Then 0". <^ Cx uniformly 

for j > 1. 

Proof. By Theorem 1.5 in [GZ2] we have 

I <2" J 0|<2" I 0;<2" 1 0;, 

{«j<"2t} {^,^.<!^_t} {^^.<!^_t} {^i<-i} 

for every t > 0. By Proposition 1.9 we obtain 0^. <^ Cx uniformly for j > 1. 

We remark that the proof shows that the result still folds for any family of functions 
Ua and Va, a e A instead of just sequences. 

1.11. Proposition. Let uj G S{X,0), u G PSH{X,0) be such that uj — > u in Cx- 
Then the following two statements are equivalent: 
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i) ue£{X,0); 

ii) 0^. ^ Cx uniformly for j >1. 

Proof, i) =^ ii) By Proposition 1.6 we have 



j ^Uj J" ^max(tij , — t ) — J" ^max(uj,— t) ~^ j ^max(uj,— 

{Uj<-t} {uj<-t} {u<-t+\} {\u-j-u\>l} 



< j 0ma.K,-t)+^n{l%-«l>l})- 

{u<-t+l} 

By couphng the quasi-continuity of u (Theorem 3.5 in [BT2]) and the facts that 0[j\ax{M -t) 
<^ Cx uniformly for j > 1 and 0^ax(u -t) uniformly for ^ > (see Proposition 1.10), 

we get 

lEn lEn / 0;;. < ihn / 0maxr« -t^ = 0- 

{uj<-t} {u<-t+l} 

By Proposition 1.9 wc obtain 0" ^ Cx uniformly for j >1. 
ii) =^ i) This is a part of Theorem 3 in [Xi2]. 

The last proposition is a somewhat stronger version of implication ii) =^ i): 

1.12. Proposition. Let Uj E £{X, 0), u E PSH{X, 0) be such that Uj — > u in L^{X). 

Assume that 0^. -C Cx uniformly for j > I. Then u E S{X, 0). 

Proof. Set Vj — max{uj,u) E S{X,0). By Hartogs' lemma (see [Ho]) we have Vj — > u 

in Cx- Thus, by Proposition 1.10, we get that 0'^. <^ Cx uniformly for j > 1. Now, using 

Proposition 1.11, we obtain u E £{X,0). 

2. CONVERGENgE IN CAPACITY Below we prove various stabihty results re- 
garding convergence in capacity in the class S{X,u). We begin with a technical result 
which will be used later on. To authors' knowledge such a theorem is new although some 
similar ideas can be found in Lemma 2.3 in [HI] and in Theorem 2 in [Xi2]. 
2.1. Theorem. Let Uj,Vj E £{X,0) be such that 

i) 0" <^ Cx uniformly for j > I; 

ii) lim / 0;^ = for all 5 > 0. 

{Uj<Vj—d\ 

Then lim Cx{{uj < vj - 5}) = for all 5 > 0. 

Proof. We can assume, by adding constants to both Uj, Vj if necessary, that sup Uj — 

X 

for all j > 1. Set Ujt :— max{uj, —t). For each k — 0, ...,n we will prove inductively that 

(1) lim sup{ [ 0"-^ A 0^ : ^E PSH(X, 0), -1 < < 0} = 

>oo J J f 

{Uj<Vj—&} 

for every 5 > 0. If A; = then (1) holds by assumption. 
Assume that (1) holds for A; — 1. We will prove that 

lim sup{ / 0l-^ A 0^ : E PSH{X, 0), -1 < < 0} = 

j-+0O J 3 ^ 

for any 5 > 0. Wc fix t > 1 and ip E PSHX,0) satisfying -1 < <yf < 0. Then, by 
Theorem 2.3 in [Di3], Corollary 1.7 in [GZ2] and Proposition 1.6 we have 
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{uj <Vj -35} {«j + f Wjt <Vj + f 



{uj + \ujt<Vj + \<p-25] {«j<'!'j-5} 



{uj<Vj-5} {uj<Vj-5} 

+ I 0.. A 0r^ A 0^^ < ^ / 0-^+ia0!;-i+ / 0r'=+^A0^\ 



{uj<—t\ {uj<Vj—5} {uj<—i} 

By the induction hypothesis we get 



hm sup{ / 0^-'= A 0^ : G PSH{X, 0), -1 < < 0} 

{uj<Vj-35} 

< sup{ y 0;-'=+^ A 0';-' : (/p e P5//(X, 0), -1 < ^ < 0, j > 1}, 

{Uj<-t} 

for every t > 1. 

Note that ^^^^ > % — 1, thus by Proposition 1.10 we get that 0'^.+^ <^ Cx uniformly 

2 

for j > 1. Expanding the left hand side we obtain 

01'''+^ A 0^-^ < Cx uniformly for j > 1. 

Now by letting t — > +00 (and using 0u~'''^^ A 0^~^ <^ Cx uniformly for j > 1), from 
Proposition 1.7 we obtain 

lim sup{ / 0^-'' A 0^ : if e PSH{X, 0), -1 < 95 < 0} = 0. 

j— >oo _y ^ 

Theorem 2.1 has various consequences regarding stability of the Monge- Ampere oper- 
ator. Below we hst some of them. 

As a direct corollary we obtain the following theorem: 

2.2. Theorem. Let Uj,Vj G £{X,0) be such that 

i) 0u- + 0v- ^ uniformly for j > I; 

ii) lim [ ' / 0^. + / 0y ^0 for all 5 > 0. 

•^^"^ {uj<Vj—5} {vj<Uj—S} 

Then Uj — Vj ^ in Cx- 

Recently the second named author obtained characterization of convergence in capacity 
for bounded 0-psh functions (Theorem 2.1 in [HI]). Our next result provides such a 
characterization in the class S{X, 0): 

2.3. Theorem. Let uj e £{X,0) and u e PSH{X,0). Then the following three 
statements are equivalent: 

i) u G S{X, 0) and Uj u in Cx', 

ii) 0^. <^ Cx uniformly for j > 1 and Uj —>■ u in Cx', 
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in) 0^. <^ Cx uniformly for j > 1, lim Uj < u and lim f 0" . = for all 5 > 0. 

Proof, i) ii) This equivalence is the content of Proposition 1.11. 

ii) =^ iii) This implication is trivial. 

iii) ^ i) This is a direct application Theorem 2.1, coupled with Proposition 1.11. 

Recall that the weak convergence of Monge- Ampere measures does not imply the weak 
convergence of the corresponding functions (and vice versa). Thus such convergence 
problems are considered with additional restrictions. In [CK2] good convergence proper- 
ties were obtained (in the setting of domains in C") under the assumption that all the 
Monge-Ampere measures are dominated by a fixed measure vanishing on pluripolar sets. 
In the Kahler setting the corresponding problem was studied by Xing in [Xi2] . He worked 
in a subclass E^{X,0) C S{X,0) however all his arguments can be applied in the whole 
£{X,0) provided one has an uniqueness (modulo additive constant) for the solutions of 
the Monge-Ampere equation 

0^ = fi, v? e S{x, 0), 

where /j, is any positive Borel measure satisfying J d/j, = J 0" and vanishing on pluripolar 

X X 

sets. This uniqueness statement was recently obtained in [Di3]. Thus coupling Xing's 
arguments together with Theorem 2.2 one gets the following stability theorem: 

2.4. Theorem. Let uj e S{X,0) and u e PSH{X,0). Assume that uf^. < d/j, for 
some measure dfj, <^ Cx (equivalently: n does not charge pluripolar sets). Let also 
sup Uj — sup u. Then the following three statements are equivalent: 

X X 

i) Uj — > u in Cx- 

ii) Uj — > u in L^. 

Hi) ^u, weakly 

The implication ii) 4^ iii) is essentially due to Xing. In particular Corollary 1 in [Xi2] 
(and Proposition 1.11) yields ii) =^ iii). For the other implication one can proceed exactly 
as in Theorem 8 in [Xi2] : one can extract a subsequence from Uj convergent in L^ to some 
function v. It follows that 0" = 0", so by uniqueness (now in S{X,0)) u = v. Thus, since 
any subsequence has subsequence convergent in to u one concludes that Uj —^uinL^. 

Since implication i) =>■ ii) is trivial, we only have to show that ii) implies i). But we 
know that 0'^. <^ Cx (since all the measures are dominated by //). By [Ce3] (see also 
Lemma 1.4 in [CK2]) we know that 

VM e R lim / max(Mj, M) - max(M, M)did = 0. 

X 

Thus we obtain 

J 0l.+ j 0l< j dfM+^ j \max{uj,M) -max{u,M)\dn. 

{uj<u-S} {u<Uj-5} {uj<M}U{u<M} X 

If M is sufficiently negative by the assumption ^ <^ Cx and proposition 1.7 we obtain 
that the first term on the right hand side can be made arbitrarily small (independently 
of j). Finally we obtain 

lim[ / 01+ / 0l]^O 



{uj<u—5} {u<Uj—6} 



Thus by theorem 2.2 — > in Cx- 



Our next result concerns a new type of stability. Instead of controlling the deviation of 
Uj from Vj we impose an assumption on the variation of their Monge-Ampere measures. 
Such a theorem is new even for bounded 0-psh functions. 

2.5. Theorem. Let Uj,Vj G £{X,0) be such that 

i) lim I sup Uj — sup Vj | = 0; 

a) 0^, +0" <^ Cx uniformly for j > I; 







\K- 


0y\ 



Then Uj — Vj ^ in Cx- 

Before we start the proof we state an auxiliary lemma. To authors' knowledge such an 
estimate is new and might be of independent interest. 
2.6. Lemma. Let u,v E £{X,0). Then 



J \\<^<-'-<\\<'^[j \\< 



0;'||J-'=: 



Proof Set 



We choose /, (7 G L^{dfi), f,g>0 such that 

01 = fdfi, 0^ = gdfi. 
By Theorem 2.1 in [Di3] and Holder inequality we get 



E E E E E 



E 

>-[/ \9-f\dlA"^>-[j 



E E EE 



E X 

for any Borel set £■ C X. Similarly we get 



X\E X\E X 

for any Borel set E G X. Hence 



E EX 

for all Borel set £■ C X. Combination of these inequalities yields 

^ n-k _ / ^ni < r / 
E EX 

for all Borel E G X. This implies that 



J \\0tA0:-'-0:\\<2[J \K-0:\\]^^ 



X 



Proof of Theorem 2.5. 



Case I: uj,Vj e PSH{X,u) n L°°{X). Set 

aj = [sup{ J 1 10^^ A 0:;' -0':,A0:-n\-- l<k,m< n}] ^ . 



X 

By Lemma 2.6 we get lim o,- = 0. We shall prove that 



J-*oo 



(2) limsup{ / 0;.} = 1. 



Suppose that there exists eo > such that 



/ 



{\uj-Vj-t\<aj} 



1 < 1 - 2eo 



for all t e R, j > 1. Set 

tj = sup{i e R : J 0l<l-eo} 

{uj<Vj+t+aj} 

Replacing Vj + tj by Vj we can assume that tj — 0. Then f 0u . < 1 — eo and 

{uj<Vj+aj} 

J 0" > 1 — Co- Hence 

{uj<Vj+aj} 

01 = 1- / 01 = 1 



{vj<Uj+aj} {uj+aj<Vj} {uj<Vj+aj} 

+ I 0«, <l-eo. 

{vj —aj <Uj <Vj +aj } 

Since / 0". < 1 we can choose sj e [— % + aj, aj — aj] satisfying 

{\uj-Vj\<aj} 



I 



{\uj-Vj-Sj\<a'^} 

Replacing vj + sj by Vj we can assume that sj = 0. One easily obtains the following 
inequalities 

/ 0;. <l-eo, J 0;<l-eo, I 0l<2aj. 

{ujKVj+a"^} {vj<Uj+a'^} {Wj-i'j\<aj} 

By [GZ2] we can find pj e £{X,uj), such that sup p,- = and a;" = tz— l{w <f l*^" + 
^A{uj>vj}^uj (cj > is chosen so that the measure has total mass 1). Set 

Uj = {(1 - a^)uj < (1 - (^)vj + a^pj} C {Mj < Vj}. 
By Theorem 2.1 in [Di3] we get 



a? 



<■ A a;(i_„3)^.+„3^. > (1 - a -X^, A a;^^ + '—tUJ^ 



(1 - eo)" 
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on Uj. By Theorem 2.3 in [Di3] we obtain 



(1 - eo)" 

< / ^(i-a3)„, A = (1 - 4) / + 4 / A u;: 



n-1 A , . I „4\ I „3 / , . A , ,n-l 



< (1 - a^) ( / A cu,. + 4) + / A u;: 



Hence 



{uj<v,-a^.} {p,<-i^} 



Similarly to pj we define e 0), such that sup'j?^ = and 
djl^y^>uj}^uj {dj plays the same role as Cj above). Set 

^- = {(1 - < (1 - 4)% + 4^^} ^ < ^j}- 

Similarly we get 

a;!!. - / < — r /" a;!! 



< a,- + / a; A o;::^ < a,- + / u A 



Combination of these inequalities yields 

— r[l-2%-2 / a;^.] < — -[ I ujI.-2 I w 

< 2aj + 1. 

Now, by Proposition 1.7 and assumption ii), if we let j' — > oo we would obtain 

1 



n 



(1 - eo)" 

a contradiction. 

Using (2) we can choose kj e R such that 



-<1, 



/ 



lim / 0^ = 0. 



J—^00 

{\uj-Vj-kj\>aj} 
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'J 



Moreover from iii) we get 

lim J 0?,. = 0. 



'J 

{\uj-Vj-kj\>aj} 



By Theorem 2.2 we obtain Uj — Vj — kj ^ in Cx- Moreover from i) we get lim kj — 0. 

Hence Uj — Vj ^ in Cx- 

Case II: Uj,Vj e S{X,u!). We can assume, adding constants if necessary, that sup Uj — 

X 

sup Vj = 0. Choose tj — > +oo such that hm J uS^, + J = 0. Using Case 

^ ■'^°°{«j<-*j} {fi<-*j} 

I for max(Mj, — tj) and max(fj, — tj) we obtain max(Mj, —tj) — max(fj, —tj) ^ in Cx- 
Therefore Uj — Vj ^ in Cx- 



Our last result is a generalization of Theorem 5 from [Xi2] and Theorem 3.4 from [Ko2]. 
Kolodziej proved the statement for bounded functions, while Xing needed the additional 
assumption that Wj > l,Vj > vq for some fixed function vq G S{X,0). In fact we show 
that this condition is superflous. 

2.7. Theorem. Let Uj, Vj,v G S{X, 0), u E PSH{X, 0) and A > 1 be such that Uj u 
in L^{X) and 0^. < A0'^. for j > 1. Assume that Vj — > v in Cx- Then u e S{X,0) and 
Uj u in Cx- 

Proof. For each t > we set 

Ujt :— max(itj, —t), Ut :— max(w, —t), Vjt :— max{vj, —t), Vf :— max(v, —t), 



n-l 

n—l—k 

k=0 



We have 

/ '-'^^ I 

{uj<u—S} {uj<u—5} 

The latter integral can be estimated by 



01- 



{uj<u-S} {uj<-t}U{u<-t}U{vj<-t} {ujt<ut-S} {uj<-t}U{u<-t 

+ ^ y" - %ti0",* < J < + J / 1^* + ^ - 

{uj<~t}U{u<-t}U{vj<-t} X 
{uj<-t}U{u<-t}Ll{vj<-t} X {ujt>ut+e} 



Vt 



{uj<-t}U{u<-t}U{vj<-t} X 
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{ujt>Mt+e} {«j<-t}U{u<-t}U{tij<-t} ^ 

X {ujt>Ut+€} {uj<—t}Ll{u<—\ 



X {ujt>ut+e} {uj<-t}U{u<-t}U{vj<-t} 

H 

^ {wjt>ut+e} 

for alH > and all e > 0. 

Observe that the second term goes to aj j — > oo, since the intergated function 
converges to in capacity and all the measures are uniformly absolutely continuous with 
respect to Cx for j > 1 (and fixed t) . By [Ce3] we also get 



lim / {ut - Ujt)0l = 0. 



J 

X 



Note that Hartogs' lemma (see [Ho]) yields Cx{{ujt > i^t + e}) — > as j ^ oo. Moreover, 
since u'^.^ <^ Cx uniformly for j > 1 we obtain 



lim / = 0. 

{ujt>ut+e} 



Coupling all these and letting j ^ oo we get 



lim / 0" < sup / 0". + 

{uj<u-5} {uj<-t}U{u<-t}U{vj<-t} 

for alH > 0, e > 0. Letting e — > and t — > +oo we obtain 

lim / 0". = 0. 



2e 



{uj <ii— 5} 

By Theorem 2.3 we obtain that Uj — > ti in Cx- 
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